Introduction
Westward drift in the main geomagnetic field (MGF) has been studied since discovered by Halley [1] . We could write it briefly from the previous results of investigations by other people. Bauer [2] studied the drift of the zero line of declination tracing. He detected that the mean velocity was −0.22 deg/yr. Bullard et al. [3] also studied the nondipole field at epoch 1907. 5 and 1945 . They determined that the drift velocity was −0.26 deg/yr. Yukutake [4] estimated that the mean value of westward drift was −0.20 deg/yr in 1850-1950. Wei and Xu [5] estimated that the mean value of westward drift was −0.18 deg/yr in 1900-2000. These researches were based mainly on the spherical harmonic potential's formula for main geomagnetic field.
If we have got the geomagnetic field's distribution function of space and time, can we define the westward drift on the Earth's little area such as a continent or any part of continents by other method? Is there any theoretical possibility to decide this problem? When I read Yukutake's paper of 1962, the spirit of solving the previous problem arose to me. Our task is to answer these questions or to find a new method. Yukutake [4] hinted an idea to write a similar equation with the induction equation written in liquid core for Earth's surface. But Yukutake did not estimate the westward in MGF from the induction equation. He studied the westward in MGF by scalar potential's method.
The westward drift in MGF is the result of interaction between fluid motions on the core mantle boundary CMB and the strong toroidal field. And the westward drift is observed in steady MGF in a large interval of time scale. The effects of fluid motions with small scales of space and time on CMB are not observed on the Earth's surface because these effects could be decreased by mantle.
Thus, we have built an approach for the induction equation on CMB by mean field's dynamic theory. And we have obtained the form of the induction equation for Earth's surface.
I think that the westward drift in MGF was not obtained from the induction equation in the past. The reason is that many satellites have been blasted in orbital paths around the Earth since 1962. And scalar potential's method for MGF has been rapidly developed since 1962. Thus, the idea of studying the westward drift in MGF by the induction equation has been forgotten since 1962.
In this paper, we have studied the westward drift in MGF by the induction equation. And we have used the geomagnetic field's distribution functions of space and time in North America and Europe, because internet network had been built since around 1980. And http://intermagnet.org/ had been built since 1990. Therefore, we could build ( , ) distribution functions of space and time by data of http://intermagnet.org/ in Europe and North America. These 
The Approach in the Induction Equation for
Main Geomagnetic Field
Strong toroidal field is generated by Herndon's postulate [6] in subshell of georeactor in the Earth's inner core. The strong toroidal field is steady field. In other words, the energy of the strong toroidal field does not change in a few years. The strong toroidal field generated in the center of inner core spreads through the inner core, liquid core, and mantle. And it is observed as the main geomagnetic field (MGF) on the Earth's surface. Most effectual movements of electrical conduction substances, which are interacted with the strong toroidal field, exist only in the Earth's liquid core.
The Earth's liquid core is about 23 percent denser at the bottom than at top. This difference of density blocks the possibility that radial flows are generated by the thermal convection in Earth's liquid. Thus, thermal equilibrium does not establish for whole Earth's liquid core. And the flows in Earth's liquid move in a horizontal direction. In other words, the radial component of the flow is very small in the Earth's liquid core. And pressure increases in the direction of depth of the liquid core. The fluidity of liquid core also decreases in the direction of depth.
Thus, the following representation exists in the geodynamic theory. The most effectual flows or fluid motions, which interact with the strong toroidal field, exist on the core mantle boundary (CMB). The interaction between the fluid motions on the CMB and the strong toroidal field produces irregular magnetic fields with small scale. The irregular magnetic fields are called non-dipole part of the MGF. And variation with the long time period exists in the non-dipole part of the MGF. The variation of MGF is called secular variation (SV). On the Earth's surface, the westward drift in the MGF is also observed by the influence of the fluid motions on the CMB. The interactions between the fluid motions on the CMB and the strong toroidal field are studied by the governing differential equation.
The governing differential equation is written in the form
Equation (1) is called the induction equation. Here, is the coefficient of magnetic diffusivity and ⃗ is the local velocity of the conductive fluid motions on the CMB. It is possible that the fluid motions on the CMB are divided into two components such as mean motions and turbulent motions. Velocity of the mean motions is steady and its -scale is long. -scale of the turbulent motions is small as ≫ . The velocity of the turbulent motions rapidly changes and it has fluctuations. They are written in the form
These effects of fluctuations on the mean field on CMB are very small. They are also decreased by mantle. Thus, the effects of fluctuations are mostly not observed in the main geomagnetic field on the Earth's surface. Therefore, (1) must be averaged when (2) is substituted into it. Equation (1) is averaged by (3), called Reynold's rules for averaging, which are
where ⟨⋅ ⋅ ⋅ ⟩ shows statistical averaging, (≈ volume or time averaging). The substitution and averaging of (1), (2), and (3) are shown as follows:
Equation (4) can be written in the following form:
The term
The terms (6) are vanished by Reynold's rules. When (6) is substituted into (5), it will be like
Equation (7) is called the averaged induction equation. The term ⃗ ∇ × ⟨ ⃗ V × ⃗ ⟩ in (7) expresses the effects of turbulence on the mean magnetic field. The Equation the mean magnetic field ⃗ 0 . The relation is expressed in the following equation:
called Taylor's expansion. Here, is the coefficient of the helical effects of fluid motion on the CMB, is the coefficient for the turbulent diffusivity, and is lifetime of the helixes. When (9) is substituted into (7), it becomes
The resulting equation (10) is the governing equation of the mean field on the CMB.
After expanding the term as
where
is compression term, and ( + )∇ 2 ⃗ 0 is diffusion and decay term. ⃗ 0 is the mean velocity of the conductivity of the fluid motion on the CMB. Equation (11) can be written in the form Generally, ⃗ 0 is steady on the CMB and its local variation is very small. Thus, the effects of the terms ( ⃗ 0 ⋅ ⃗ ∇) ⃗ 0 and − ⃗ 0 ( ⃗ ∇⋅ ⃗ 0 ) on (12) for the CMB are very small. In other words, there are almost no stretching and the compression or we can say that they do not exist in the conductivity of the fluid motion on the CMB.
The terms ⃗ ∇ × ⃗ 0 and ∇ 2 ⃗ 0 in (12) show turbulent effects in the fluid motion on the CMB. The scales of and are small. The life-time in and in (9) is also small. Therefore, the effects of the terms may be observed around one point or one observatory on the Earth's surface during short time. But the effects of the terms with and are small in the large interval of space and time. The reason is that the effects of these terms are decreased when they are integrated by the large interval of space and time. For example, the distribution functions of , , and had covered continents such as Europe and North America in 1991-2006. Thus, the influence of the terms with and is very small in the same equation as (12) that will be written for the surface of the Earth or in the mantle.
As aftermentioned, (12) is only valid for the liquid core. But it can be seen from (12) that the advection term is the main factor in the secular variation of MGF on the Earth's surface.
We can write an equation of the same kind with (12) on the Earth's surface. The equation is
where ⃗ denotes the positional vector and ⃗ V 0 is the drift velocity of the field on the Earth's surface or in the mantle.
⃗ ( ⃗ , ) is the residual field after the westward drift has been subtracted from the observed time variation. ⃗ ( ⃗ , ) can also be described as the right-hand side of (12). Because the influence of these terms is decreased by mantle. The effects of these terms on the residual field in (13) are observed as weaker than those in (12) on the Earth's surface.
Therefore, it is seen from (12)-(13) that the variation of MGF on the Earth's surface depends on the mean velocity of the conductivity of the fluid motion on the CMB. Now, we can rewrite the total energy of the residual field in the form
International Journal of Geophysics 5 where is an interval of space and time,
2 is a variance of the energy density of the residual field in the small time interval, and is the energy of the residual field. The energy of the residual field weakly depends on the same terms as the right-hand side of (12). The energy variation of the strong toroidal field sourced in subshell in the Earth's inner core is also very small and it equals to zero in a time of 20 years.
Therefore, the energy variation of the residual field equals to zero in a time of 20 years as
Once we know the field distribution ⃗ and its time derivative ⃗ / , we would be able to find the velocity ⃗ V 0 from the condition that the energy variation of the residual field equals to zero on (15).
In this paper, we have solved the drift velocity ⃗ V 0 of field from the condition in (15).
Construction of the Distribution Functions of Main Geomagnetic Field
In this paper, we have studied the westward drift in the MGF on the territories of North America and Europe. We have the geomagnetic field's data of 1991-2006 in the observatories located in North America and Europe. The locations and the territories of the observatories are shown in Figures 1 and 2 . One-minute data of , , and in observatories in Figures 1 and 2 are used in this study. The components of the geomagnetic field can be displayed as Figure 3 . Figure 3 is called the magnetogram.
The data of geomagnetic field noted in the observatories are the summary field that can be expressed as
where is the MGF, is the secular variation of MGF, and is a regular and irregular part of the disturbance field that is sourced outer from the Earth. is a long period field and it has no frequency that is sourced outer from the Earth. is also observed on the geomagnetic quiet days and it is not frequently observed. , sourced by the solar effects, is the periodic field. The solar magnetic variation in the quiet days is denoted by Sq. , sourced by the lunar effects, is periodic field. The term + or MGF is about 90 percent of the summary intensity of magnetic field in (16). And the term + + + is about 10 percent of the summary intensity.
Our aim is to subtract the term + from the summary magnetic field in (16). We use a relatively simple method. The reason is that the maximum and minimum values of amplitude of any variation locate in a periodic time interval. We have averaged the geomagnetic field noted in observatories by (17) . When the values of the amplitude in one period have been averaged, the maximum and minimum values are compensated. And the variations are decreased. 
where is the number of days, is the minutes, is the value of geomagnetic field noted in observatory in one minute, and is the mean value of geomagnetic field for ith day. But variation is still there in the averaged values. Generally, the figure of the secular variation is a monotonic and regular function. We can depict the general tendency of the secular variation by plotting the averaged values in (17). The depiction is in Figure 4 .
International Journal of Geophysics
We have also managed to subtract some days with great fluctuation by controlling them in the equation
where is the square of deviation of th day from the general tendency for one year. ( ) is the general tendency for one year detected by the mean values of the days. is the mean value for th day obtained using (17). Generally, the effects of the magnetic storm are in the subtracted days. The effects of the magnetic storm have been eliminated by (18).
We have defined the mean geomagnetic field for a year by the equation
where is the mean geomagnetic field for a year, is the mean value of the magnetic field for the remaining days, and is the number of the remaining days.
Variations with short period, such as minutes, days, months, and seasons, are decreased and eliminated by the previous averaging method. Thus, the MGF and its secular variation are in the mean value of the geomagnetic field for one year. The reason is that the previous averaging method cannot decrease or eliminate the secular variation with long period. Therefore, the mean values in (19) can represent the MGF and its secular variation.
We have defined the general tendency of the secular variation of MGF in the observatories in Figures 1 and 2 .
Generally, it is seen that the secular variation of MGF in North America linearly decreases from 1991 to 2006. But in Europe, it linearly increases in the same time. Therefore, it can be considered that they are governed by one general dynamics.
We have defined the distribution functions of the MGF for each component in North America and Europe for each year. They are expressed by the polynomial regression which is 
where , , and are the components of MGF in the coordinate system NED, is longitude, is latitude, and Figures 5 and 6 .
The form of the distribution functions of space and time is not important. And the confidence level of the formula must be of high percentage. In case the relative errors of the extracted values of MGF are smaller than 1%-5%, values of the distribution functions in (20) and (21) are 95%-98% by the reduced chi-square test.
The polynomial coefficients in (20)-(21) for each year were defined using the least square method.
Afterwards, we have defined the dependence of the polynomial coefficients on time. 
is expanded to (A.2) which is in Appendix A. Here,̂is an inversion tensor that transforms it from NED to ECEF. The inversion tensor is determined aŝ
and it is expanded to (A.1) in Appendix A.
Solution of the Drift Velocity
Now, the residual field in (13) is rewritten in the form of (24). And (22) is substituted into (24) which is
We must define the quadrate of the residual field. It is written in (25) which is
wherê2 is the square of the inversion tensor.̂2 = 1. ⃗ ∇ is Nable's operator in ECEF.
The reason is that quadrate of a vector is not varied by the inversion operation or the rotation of coordinate system on the Earth's surface. Equation (25) can be written as
Equation (26) is called the variance of the energy density of the residual field in the small interval of time. Thus, we can define the energy of the residual field via
where is an interval of space and time, ⃗ ( ⃗ , ) is the
2 is the variance of the energy density of the residual field in the small interval of time, and is the energy of the residual field.
Components of the residual field in (27) are
When the study of westward drift is done in North America, (20) is substituted into (28). In the coordinate system ECEF, the components of the drift velocity in (28) are V 0 = − sin cos ⋅̇− cos sin ⋅ , 
and where 1 , 2 , 3 , 1 , 2 , 3 , 1 , 2 , and 3 are expanded in (A.3) in Appendix A. We have defined the latitudinal and longitudinal drift velocities from the condition that the energy variation of the residual field is zero in (15).
Results and Discussion
When the functional in (30) is integrated by the intervals of space and time, it becomes
where 1 , 2 , 3 , 4 , and 5 are the coefficients that are calculated in (B.7) in Appendix B. Equation (15) can be rewritten in the form
From (33), we can write the following condition:
Then, we can also write the following linear equation system:
We can solve the previous linear equation system, and its solutions will be = −0.123 degree/year, = 0.068 degree/year. 
Wei and Xu [5, 7] MGF distribution functions of space and time can be clearly defined on the little area of Earth's surface. On the little area, MGF distribution functions are more local properties than the spherical harmonic formula. Thus, our method is more accurate than the method of spherical harmonic analyze on the local little areas.
The westward drift in MGF on the Earth's surface is observed by the influence of fluid motions on CMB. Therefore, the properties of fluid motions on CMB can also be studied, in the opposite way, using the local properties of westward drift on the Earth's surface.
The probability of a dependence of the velocity of fluid motions on the latitude is high.
If we could build MGF distribution functions of space and time on the little areas differed with the latitudes as in Figure 7 , we could be able to study the velocity of the fluid motions on the CMB using the velocity of westward drift. If the velocity of westward drift on the Earth's surface depends on the latitude, a similar dependence on the latitude must exist for the velocity of the fluid motions on the CMB. This information is important to the modeling of MGF. These are the advantages of our method.
Conclusions
The advection term −( ⃗ 0 ⋅ ⃗ ∇) ⃗ 0 in (11) is the main factor in the time variation or the secular variation of MGF. In other words, (12) for the CMB very weakly depends on the terms in the right-hand side. And the energy variation does not exist in the strong toroidal field in a few years. They are the theoretical basis of this method to define the westward drift.
The westward drift can also be estimated using this method for the little area of Earth's surface, the MGF International Journal of Geophysics The results of these drifts are similar to the results by other studies which used the method of spherical harmonic formula.
Appendices

A. Mathematics
Inversion tensor that transforms NED to ECEF is written in the equation
where and are the latitude and longitude in the geodetic coordinates.
Equation (22) is rewritten in the following form:
where is the parallel component with axis of ECEF of geomagnetic fields on the points of the Earth's surface, is the parallel component with axis of ECEF of geomagnetic fields, and is also the parallel component with axis of ECEF of geomagnetic field.
The coefficients in (31) are rewritten in the following forms: And it helps to make the estimation clear. In North America, the following polynomial coefficients have been defined for the longitudinal scale − 180 and the time scale of 1-16 years. And in Europe, the polynomial coefficients are also defined for the time interval of 1-16 years. Thus, we have integrated (30) and (37) by the previous intervals of time and coordinate in North America and Europe. But these are the technical problems in the calculation. Therefore we do not change the intervals of time and longitude in (30) and (37), because (30) and (37) should be understandable for researchers.
The dependences of the coefficients in (20) and (21) 
